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Abstract 

We study a Szemeredi- Trotter type theorem in finite fields. We then use this 
theorem to obtain an improved sum-product estimate in finite fields. 

1 Introduction 

Let A be a non-empty subset of a finite field F g . We consider the sum set 

A + A := {a + b : a, b E A} 

and the product set 

A.A := {a.b : a,b G A}. 

Let \A\ denote the cardinality of A. Bourgain, Katz and Tao (jlj) showed, using an 
argument of Edgar and Miller [5], that when 1 <C \A\ <g then 

max(\A + A\, \A.A\) > \A\; 

this improves the easy bound \A + A\, \ A.A\ ^ \A\. The precise statement of the sum- 
product estimate is as follows. 

Theorem 1 (^j) Let A be a subset of F q such that 

q 5 < \A\ < q 1 ' 5 

for some 5 > 0. Then one has a bound of the form 

max{\A + A\,\A.A\) > c(5)\A\ 1+€ 

for some e = e(5) > 0. 
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Using Theorem [TJ Bourgain, Katz and Tao can prove a theorem of Szemeredi- Trotter 
type in two-dimensional finite field geometries. Roughly speaking, this theorem asserts 
that if we are in the finite plane F 2 and one has N lines and N points in that plane 
for some 1 <C iV <C q 2 , then there are at most 0(iV 3//2_e ) incidences; this improves the 
standard bound of 0(N 3 ^ 2 ) obtained from extremal graph theory. The precise statement 
of the theorem is as follows. 

Theorem 2 (J^j Let P be a collection of points and L be a collection of lines in F 2 . For 
any < a < 2, if \P\, \L\ ^ N = q a then we have 

\{(p,l) ePxL-. P el}\ ^CN 3 / 2 - £ , 

for some e = e(a) > depending only on the exponent a. 

The relationship between e and 5 in Theorem [1] and the relationship between a and e 
in Theorem [2] however are difficult to determine. 

In this paper we shall proceed in an opposite direction. We will first prove a theorem of 
Szemeredi- Trotter type about the number of incidences between points and lines in finite 
field geometries. We then apply this result to obtain an improved sum-product estimate. 
Our first result is the following. 

Theorem 3 Let P be a collection of points and L be a collection of lines in F 2 . Then 
we have 

\{(p, l)EPxL:pel}\^ ^ + q V 2 J\pjL\. (1) 

In the spirit of Bourgain-Katz-Tao's result, we obtain a reasonably good estimate when 
1< a < 2. 

Corollary 1 Let P be a collection of points and L be a collection of lines in F 2 . Suppose 
that \P\, \L\ ^ N = q a with l + e^a^2 — e for some e > 0. Then we have 

\{(p,l)ePxL:pel}\^2N^--±. (2) 

We shall use the incidence bound in Theorem [3] to obtain an improved sum-product 
estimate. 

Theorem 4 (sum-product estimate) Let A C F q with q is an odd prime power. Suppose 
that 

\A + A\= m, \A.A\ = n. 

Then 

. ,n TflTl \A\ -i /r> , 

\Ar ^ — + q 1/2 ^/mn. 



In particular, we have 

max(|A + A\, \A.A\) > ^=TT ^ 
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In analogy with the statement of Corollary [T] above, we note the following consequence 
of Theorem |H 

Corollary 2 Let A C F q with q is an odd prime power. 

1. Suppose that q 1/2 < \A\ < q 2/3 . Then 

\A\ 2 

max{\A + A\,\A.A\) ^ c^r. 

q±/ z 

2. Suppose that g 2//3 ^ \A\ <C q. Then 

max{\A + A\,\A.A\) ^ c(q\A\) 1/2 . 

Note that, the bound in Theorem H] is stronger than ones established in Theorem 1.1 
in [Tj. 

We also call the reader's attention to the fact that the application of the spectral 
method from graph theory in sum-product estimates was independently used by Vu in 
|16j . The bound in Corollary [2] is stronger than ones in Remark 1.4 from [16] (which is 
also implicit from Theorem 1.1 in [7]). 



2 Incidences: Proofs of Theorem [3] and Corollary [T] 

We can embed the space F 2 into PF 3 by identifying (x, y) with the equivalence class of 
(x,y, 1). Any line in F 2 also can be represented uniquely as an equivalence class in PFjj 
of some non-zero element h G F 3 . For each i 6 F^ 3 , we denote [x] the equivalence class 
of x in GFjj. Let G q denote the graph whose vertices are the points of PF q , where two 
vertices [x] and [y] are connected if and only if 

(x, y) = xiyi + x 2 y2 + x 3 y 3 = 0. 

That is the points represented by [x] and [y] lie on the lines represented by [y] and [x], 
respectively. 

It is well-known that G q has n = q 2 + q + 1 vertices and G q is a (q + l)-regular graph. 
Since the equation x\ + x\ + x\ = over F q has exactly q 2 — 1 non-zero solutions so 
the number of vertices of G with loops is d — q + 1. The eigenvalues of G are easy to 
compute. Let A be the adjacency matrix of G. Since two lines in PFjj intersect at exactly 
one point, we have A 2 = AA T = J + (d — l)I = J + ql where J is the n x n all 1-s matrix 
and I is the n x n identity matrix. Thus the largest eigenvalue of A 2 is d 2 and all other 
eigenvalues are d — 1 = q. This implies that all but the largest eigenvalues of G q are y/q. 

It is well-known that if a fc-regular graph on n vertices with the absolute value of 
each of its eigenvalues but the largest one is at most A and if A d then this graph 
behaves similarly as a random graph G n ±/ n - Presicely, we have the following result (see 
Corollary 9.2.5 in [2]). 
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Lemma 1 Let G be a k-regular graph on n vertices (with loops allowed). Suppose that 
all eigenvalues of G except the largest one are at most A. Then for every set of vertices 
B and C of G, we have 

\e(B,C) - -|S||C||< Xy/\B\\Cl (4) 
n 

where e(B, C) is the number of ordered pairs (u, v) where u G B,v G C and uv is an edge 
ofG. 

Let B be the set of vertices of G that represent the collection P of points in and 
C be the set of vertices of G that represent the collection L of lines in Fjj. From flf|), we 
have 



\{{p,h) G P x L :p G h}\ = e{B,C) 



< 2 1 + \, \B\\C\ + XV\BJC\ 
q z + q + 1 



\P\\L\ 



Q 



This concludes the proof of Theorem [3j 
If a < 2 - e then 

IPIILI N- 



^ — ^N2—4. (5) 



If a ^ 1 + e then 



g 1/2 V^W ^g 1/2 iV^iV5-f. (6) 

Corollary [1] are immediate from (jSJ) , ([6]) and Theorem [3l 

Note that we also have an analog of Theorem [3] in higher dimension. 

Theorem 5 Let P be a collection of points in and H be a collection of hyperplanes 
in Fq with d ^ 2. Then we have 

\{{p, h)EPxH:peh}\<: + qW^l + o(l))y/\PjL\. (7) 

Q 

The proof of this theorem is similar to the proof of Theorem [3] and is left for the 
readers. Note that the analog of Theorem [5] for the case P = L (in PF^) are obtained by 
Alon and Krivelevich ([TJ) via a similar approach and by Hart, Iosevich, Koh and Rudnev 
([9]) via Fourier analysis. By modifying the proofs of Theorem 2.1 in |9j and Lemma 2.2 
in [TJ slightly, we obtain Theorem [51 
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3 Sum-product estimates: Proofs of Theorem 31 and 
Corollary [2] 

Elekes (|6j) observed that there is a connection between the incidence problem and the 
sum-product problem. The statement and the proof here follow the presentation in [3]. 

Lemma 2 (fSj/) Let A be a subset of F q . Then there is a collection of points P and lines 
L with \P\ = \A + yl||Av4| and \L\ = \ A\ 2 which has at least \ A\ 3 incidences. 

Proof Take P = (A + A) x (A. A), and let L be the collection of all lines of form 
l(a, b) := {(x, y) : y = b(x — a)} where a,b G A. The claim follows since (a + c, be) G P is 
incident to l(a, b) whenever a, b, c G A. 

□ 

Theorem H] follows from Theorem [3] and Lemma El 
Proof (of Theorem HI) Let P and L be collections of points and lines as in the proof of 
Lemma [TJ Then from Theorem [31 we have 



mn\A 
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A{ 3 >_ !1 ^ 1L+ 1/2,4 
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g ' \A\y/mn. 



This implies that 

\A\ <: ^ + g 1/2 v^. 8 

Q 

Let x = max(|A + A\, \A.A\), we have 

\A\x 2 + q 3/2 x-q\A\ 2 ^ 0. 

Solving this inequality gives us the desired lower bound for x, concluding the proof of the 
theorem. □ 

If q 1/2 < \A\ < q 2/3 . Then 



q l/2 + \lq+^f-=OtfP). (9) 



If q 2/3 < |A| < g. Then 



4U 
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? 1/2 + Jg + -^- = 0(v^4jV^). (10) 



Corollary [2] is immediate from , ( flOi) and Theorem HI 
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